Abstract. Here, we compare the behavior of the quantum discord, 1-norm geometric quantum discord and concurrence under the effect of decoherence for XXX Heisenberg spin chain. Their dependencies on temperature and coupling constant are presented in detail. By a comparison between them we can see that the quantum discord and 1 -norm geometric quantum discord are more robust than the concurrence against decoherence in the sense that quantum discord and 1-norm geometric quantum discord takes a nonzero value and decrease asymptotically, while the concurrence is zero in a large range of the parameters including temperature and coupling constant J. Moreover, we find that there is no simple relative ordering between 1-norm geometric quantum discord and quantum discord. This result contradicts the information which provided by D. Girolami [1] .
Introduction
Quantum discord (QD) has attracted much attention, since it was proposed by Ollivier and Zurek [2, 3] . It specifies the quantumness of correlations in quantum states from a measurement aspect and is basically different from quantum entanglement. It has been demonstrated theoretically [4] and experimentally [5] , in deterministic quantum computation with one pure qubit (DQC1), nonzero QD without unentangled states is responsible for computation speedup. QD has essential role in quantum information tasks, thus it is unavoidable to study the properties of QD. The geometrization of QD, namely geometric quantum discord (GQD), has been introduced by Dakic, Vedral, and Brukner [6] , mainly stimulated by the difficulty of finding analytical solutions for the entropic version of QD. GQD, quantifies the amount of quantum correlations in terms of its minimal Hilbert-Schmidt distance from the set of classical states [7] . It is computable for general two-qubit states analytically [6] also for any arbitrary bipartite states [8, 9] . In addition, it has operational significance in certain quantum communication tasks (see, e.g.,Refs. [10, 11] ). In spite of those remarkable features, GQD is sensitive to the choice of distance measures (see, e.g., ref. [12] ). In turn, as recently indicated [13, 14] , GQD as proposed in ref. [6] cannot be a good measure for the quantumness of correlations, because it may increase under local operations on the unmeasured subsystem. Specifically, it has been pointed out by Piani that the introduction of a factorized local ancillary state on the unmeasured party changes the geometric quantum discord by a factor given by purity of the ancilla [15] . However, this problem can be worked out if Schatten 1-norm (trace norm) is utilized as a distance measure [16, 17, 18] . In recent years, with the progress of quantum information and quantum computation, spin system applies in the field of quantum information widely [19, 20] . Heisenberg model (as the simplest spin chain) has been investigated in many subjects of quantum information and computation. It can be applied in many physical systems such as quantum dot system [21] , nucleus system [22] , electronic spin system [23] and optical lattices system [24] and so on. Quantum correlation in the Heisenberg model make a connection between quantum information and condensed matter physics. In the dynamics of any actual open quantum system we have encountered with the various kind of interactions between system and its environment. These interaction which can lead to decoherence and change the quantum properties [25, 26, 27] . These interactions typically lead to decoherence and change the quantum properties. Entanglement and QD as two distinct features of quantum correlations have fundamental roles in executing quantum information tasks, so that the investigation of their decoherence dynamics is important [28, 29, 30, 3, 31, 32, 33] . For example, Werlang et al. [34] proposed that QD is more robust than entanglement against decoherence in Markovian environments. QD has been shown to be more resilient than entanglement also in non-Markovian quantum and classical environments, both theoretically [35, 36] and experimentally [37] .
In the present paper, we deal with 1D Heisenberg open chains with no external magnetic field and only nearest neighbor interactions. Here properties of QD, 1-norm GQD and entanglement in the Heisenberg XXX spin chain are investigated. How these different aspects of quantum correlation varies in the presence of bit flip (BF) and generalized amplitude damping (GAD) noises environment is also revealed. In the studies of the effect of noises on quantum discord, some studies [34] have generally been allocated to explore only the time evolution of quantum discord. But, here we study the dependence of quantum discord and the 1-norm GQD to temperature for XXX model. In addition, we analyze the QD and 1-norm GQD in both ferromagnetic and anti-ferromagnetic cases. The rest of this paper is organized as follows. In sect. 2 and 3 we briefly review the definition of QD and schatten 1-norm GQD. Also, in sect. 4 We present the model of Heisenberg XXX chain with no external magnetic field and only nearest neighbor interactions. In sect. 5 and 6 we discuss the quantum correlation without decoherence and with decoherence respectively. Conclusion is given in sect. 7.
Quantum discord and entanglement
In classical information theory, the total correlation between two parts can be represented by two kinds of equivalent expressions of mutual information. In the quantum territory, one of quantum expansion of mutual information is equal to total correlation. It can be written as:
where S(ρ) = −T r(ρ log 2 ρ) is Von Neumann entropy and ρ A (ρ B ) is the reduced density operator of the section A(B). Another quantum expression for mutual information can be obtained after a complete set of projection measurements {B k }. Since the systems possess quantum correlation, the quantum correlation will lead to another system disturbed when we measure a quantum system. Therefore, the two quantum expression of mutual information are no longer equal to each other. However the maximum of the second extension can be regarded as a measure of classical correlations C(ρ AB ). It can be expressed as [2, 38, 39] :
where
The minimum value in eq. (2) arises from the complete set of projection measurements {B k }. The minimum difference between the two quantum versions of mutual information is equal to QD namely D(ρ AB ). It can be written as [2, 38] :
In order to study the two-qubit entanglement dynamics, we use Wooter's concurrence [40] . For two qubits, the concurrence is calculated from the density matrix ρ for qubits A and B:
Where the quantities λ i are the eigenvalues in decreasing order of the matrix ξ:
Where ρ * denotes the complex conjugation of ρ in the standard basis |00 , |01 , |10 , |11 and σ y the Pauli matrix.
Schatten 1-norm GQD
We consider a bipartite system AB in a Hilbert space H = H A ⊗ H B . The system is determined by quantum states characterized by density operators ρ ∈ B(H), where B(H) is the set of bound, positive-semidefinite operators acting on H with T r[ρ] = 1. The 1-norm GQD between A and B is defined through the trace distance between ρ and the closest classical-quantum state ρ c [16, 17, 18, 41] , reading
is the 1-norm (trace norm) and Ω 0 is the set of classicalquantum states.
In the certain case of two-qubit Bell diagonal states, whose density operator possess the form
Where I is the identity matrix, c = (c 1 , c 2 , c 3 ) is a three-dimensional vector such that −1 ≤ c i ≤ 1 and σ = (σ 1 , σ 2 , σ 3 ) is a vector composed by Pauli matrices. , 1-norm GQD can be analytically computed, yielding [41] 
where 
one-Norm GQD Under Decoherence
We will consider the evolution of a quantum state ρ as described by a trace-preserving quantum operation ε(ρ) which is given by
where {E k } is the set of Kraus operators corresponding with a decohering process of a single qubit, with the trace-preserving condition namely Σ k E k † E k = I. In the case of bit flip noise one has following Kraus operators:
Similarly, the Kraus operators for generalized amplitude damping noise are given by
Where p and γ refers to decoherence probability. The BF channel preserve the Belldiagonal form of the density operator ρ. However for the GAD channel, the Belldiagonal form is preserve for every γ and p = . In this situation, the values of correlation vector are given in Table I. 1-norm GQD can be obtained straightforwardly, since the Bell-diagonal form is preserved . It suffices instead of c i in equation (9), we put c ′ i from Table I [16, 17, 18, 42] . Then, we can obtain the 1-norm GQD decay as a function of decoherence probabilities. 
The Heisenberg XXX model
Here we analyze the thermal Bell diagonal states (BDSs) in a two qubit XXX system. The Hamiltonian of the Heisenberg XXX model with no external magnetic field and only nearest neighbor interactions is [43] 
Where J is coupling constant, here J > 0 correspond to the anti-ferromagnetic case; J < 0 correspond to the ferromagnetic case; σ x , σ y , σ z are the pauli matrices, andh = 1. The four eigenvectors of the Hamiltonian are the four Bell states:
)(|01 ± |10 ). And the eigenvalues of the Hamiltonian are: λ ϕ ± = . The density matrix which describes a system in thermal equilibrium at temperature T is ρ = exp(−H/kT )/Z, where Z = T r[exp(−H/kT )] is the partition function and k is Boltzmann's constant. Hamiltonian (12) gives the following thermal state written in the standard basis,{|00 , |01 , |10 , |11 }.
The matrix elements ρ 11 , ρ 22 , ρ 23 , ρ 32 , ρ 33 , ρ 44 of ρ are
Where the partition function Z = 2(exp(−α) + exp(α) cosh(2α)). It can be further expressed in the BDS form with the coefficients
The quantum discord for the BDS (13) can be exactly calculated as [39] QD(ρ) = 1 4
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with c = max{|c 1 |, |c 2 |, |c 3 |}
Quantum correlation without decoherence
The quantum discord, 1-norm GQD and entanglement are known to vary with the parameters J and T. Firstly, let us start with the QD, for finite temperature T > 0. QD can be easily computed from equation (16) . Therefore for simplicity we ignore writing it here. Figure 1 shows QD variation with respect to J and T. We can see that, by growing the absolute value of coupling strength (J), QD increase and behaves conversely to the increase of temperature T. In addition, from figure 1(b) we can see that QD decreases by increasing of temperature T. By knowing c i s we can compute 1-norm GQD easily. Compared with variation of QD mentioned in Figure 1 , the variation of 1-norm GQD has a similar behavior as shown in Figure 2 (in two cases quantum correlation in antiferromagnetic region is more than ferromagnetic region).
In the case which decoherence is absent, concurrence for XXX Heisenberg spin chain is given by [43] 
In figure 3(a) we have plotted concurrence as a function of T and different J. It can be observed that the higher the temperature is, the less the entanglement between two spins will be, which is consistent with QD and 1-norm GQD. When the temperature reaches some point (critical temperature T c ), the entanglement will disappear. It is notable that, for lesser J the region of T in which zero concurrence appear is more. Figure 3(b) shows concurrence as a function of J and for different T. We can see that in contrary with QD and 1-norm GQD, concurrence in ferromagnetic region is always zero. It shows that the QD and 1-norm GQD are more general quantum correlations than entanglement. The thermal concurrence has been studied by G. Rigolin [43] , which shows that concurrence is zero for the ferromagnetic XXX model.
In Figure 4 the behaviors of QD, 1-norm GQD and concurrence at certain temperature are analyzed. QD, 1-norm GQD and concurrence are plotted as a function of J at certain T (T=1). It can be seen that, 1-norm GQD is always higher than QD, which is consistent with that given by F.M. Paula et al. [41] . Also, anti-ferromagnetic coupling (J > 0) can endure more quantum correlation. Although for J < 0, there is no entanglement , QD and 1-norm GQD exist.
Quantum correlation under decoherence

Bit flip channel case
Now we consider QD, 1-norm GQD and concurrence of XXX model in the presence of various noises. First of all, we consider the effect of BF channel on the XXX Hiesenberg chain. Again like pervious section, we ignore from writing expression of QD and 1-norm GQD (which can be easily computed with inserting c ′ i from Table I in equation  14) . However concurrence for this case is as follow
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Here, we show the dynamics of QD, 1-norm GQD and concurrence qualitatively with respect to different parameters under the effect of BF channel as shown in the following figures. Figures 5(a) , 5(b) and 5(c) show the behavior of the two-qubit QD, 1-norm GQD and concurrence under BF noise. As we can see from Figure 5 , entanglement sudden death occurs while QD and 1-norm GQD vanishes only in asymptotic limit. It is remarkable that, 1-norm GQD is always existent while QD and concurrence vanishes in ferromagnetic regions. At high temperature the entanglement will disappear. We can compare QD, 1-norm GQD and concurrence as a function of coupling constant in fix T (which we consider T=1) under effect of BF noise (see figure 6 ). As we can see form figure 6, the overall shape is not like the case in which decoherence was absent. Specially, 1-norm GQD is not higher than QD and these correlations have a different order as a function of J. Such a behavior is in contrast with the previous results which provided by F. M. Paula et al. [41] . Therefore, we claim that there is no simple relative ordering between QD and 1-norm GQD.
Generalized amplitude damping channel case
For XXX model in the presence of generalized amplitude damping (GAD) channel, concurrence can be written as follow
The QD, 1-norm GQD and concurrence for the thermal state (16) as function of Quantum discord and 1-norm GQD for XXX Heisenberg chain under noisy channels 10 temperature and J are plotted in Figure 7 . One can see that the overall behaviors of discord and 1-norm GQD are similar. When absolute value of J increase, both of them grow rapidly. It is hold for concurrence, however the distinct difference between concurrence and discord is: QD and 1-norm GQD vanishes in an asymptotic way, but concurrence behaves as sudden death at a finite critical temperature T c . The lifetime of QD and 1-norm GQD is significantly longer than that of entanglement as measured by concurrence. QD and 1-norm GQD may be more robust against decoherence. In figure  8 we can compare the behavior of QD, 1-norm GQD and concurrence as a function of J (with T=1 and γ = 1/2). we can see that, in contrary with the BF channel 1-norm GQD is larger than QD in the case of GAD channel. However, it has similar behavior with QD, which confirms that 1-norm is a good measure for quantum correlation.
Conclusion
In this paper, we have studied the variation of QD, 1-norm GQD and concurrence in Heisenberg XXX spin system with no external magnetic field and only nearest neighbor interactions. The dependencies of these three quantities on the temperature and coupling constant in the absent and present of noises are given in detail. More important, we have compared these quantities and found no definite link between them, so that 1-norm GQD may be smaller or larger than QD. QD and 1-norm GQD are always existent while the entanglement disappears in some region, which indicate the importance of QD and 1-norm GQD. Specially in ferromagnetic region entanglement is always zero even in the absence of noises. Moreover, entanglement decreases more rapidly than QD and 1-norm GQD and entanglement sudden death occurs while QD and 1-norm GQD vanish only in the asymptotic limit. For an XXX model without magnetic field, anti-ferromagnetic coupling (J > 0) can endure more quantum correlation. Although for J < 0, there is no entanglement, QD and 1-norm GQD exist. Therefore, antiferromagnetic coupling can be more helpful than ferromagnetic coupling for quantum correlations. 
